Appendix B

Background Quantitative Techniques

B.1 Introduction

Environmental science is essentially concerned with establishing and understanding relationships between phenomena.
As you progress through the course you will be introduced to a number of physical relationships. Such relationships
may be stated in a number of ways ranging from the verbal to the mathematical. For a variety of reasons relationships
that can be expressed in mathematical form are more powerful. In order to help you become familiar with the expres-
sion and analysis of simple mathematical relationships a number of component geographic techniques are outlined. It
is important that you study and understand this section.

B.2 Physical Relationships as Simple Mathematical Expressions

Let us begin by considering the nature of an expression (more usually called a function) written in its mathematical
form. Typically we write:

y = f(x) (B.1)

Here we are expressing, in formal mathematical notation, the idea/thdependence om can be expressed in a
mathematical form. A host of other symbols may be used in placg afcluding F', ¢,y, andg. As an example,
consider the kinetic energy of an object (you will be introduced to this physical relationship in the course). Repeated
experiments have identified that KE is a function of (or is dependent on) the velociand massi) of the object.
Thus we can write:

KE = f(m,v) (B.2)

Although the above form tells us that KE depends upon the mass and velocity of an object, we cannot say how much
KE results from a given mass moving with a specific velocity. In order to do this we need to define the form of the
functional relationship. Fortunately this has been done, so more specifically:

1
KE:Emﬁ (B.3)

Here we see another aspect of physical relationships — the constant of proportionality. l.e. for objects of different
masses and velocities, the resultant KE will be different, but the physical law always holds in the above form.

B.3 Manipulation of Simple Mathematical Equations
The study of environmental science necessarily involves some knowledge of mathematically expressed physical rela-

tionships. It is important that you are familiar with them and confident about what they are telling you about the form
of the relationship. As a beginning, consider the idea of re-expressing the above equation:

KE = —mv? (B.4)
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so that it is written in the form:
v= f(KE,m) (B.5)

Try to do this. The manipulation of equations is a basic science technique. You will be faced with a number of such
simple expressions during the course.

B.4 The Graphical Analysis of Physical Relationships

A function can be portrayed graphically as a curve. Drawing curves provides information about how two variables are
related. We are concerned with understanding how variables in the environment are interrelated. The relation between
dependent variables (i.e. the variable that is responding — KE in eqliafibn B.4) and independent variables (i.e. the
variable that is influencing #, v in equatior B}) is usually obtained by fitting a curve to the observed values for
those variables. Hopefully the form of the resultant curve is simple enough that we can recognize its mathematical
form (the simplest being a linear relationship).

B.5 Linear Relationships

Data are normally plotted so that the theoretical relationship between the pairs of observations {i'®atfug,’s)

is a linear one. A straight line is the curve where it is easiest to see any discrepancies between experimental points
and the theoretical curve shape. Also, it is easy to see and analyze systematic departures from linearity. It is simple to
write the form of the equation expressing a linear relationship:

y=mx—+b (B.6)
where the parameter is the slope of the line and parameteis the value ofy whenx equals zero. The variable
y is the dependent variable, amds the independent variable. A line with positive slopeand positive intercept

is shown in the following figure. The slope of a line can be found by choosing two points on the:{ing ) and
(z2,y2). They should be as far apart as possible to minimize the error. Since:

y1 =ma1 +b (B.7)

and
Y2 = mx2 +b (B.8)

subtracting the 2 equations from each other and regrouping

(y2 = mx2 +b) (y1 =mz1 +b) (B.9)
(y2 — 1) (mxg —ma1) + (b—b) (B.10)
(y2—y1) = m(z2 — 1) (B.11)

or, rearranged as
yo—y1 Ay rise
m = = — =

Ty —x1 Az run (B.12)
The inkercepth can be found by substituting a point /) into the equation once the slope is known:
b= Y1 — may (813)

Or sometimes it can be read directly from the graph by notingytivalue where the line crosses theaxis (at
x =0,y = b). So,m andb are two defining constants for each linear relationship.
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B.6 NonLinear Relationships

Aninitial plot of the data may not appear as a linear relationship. Given the advantages inherentin a linear relationship,
it may be possible to manipulate the data, to obtain a straight line. It is often possible to obtain a straight line by
applying a logarithmic transformation to either one or both of the variables. This is equivalent to plotting the data on
semi-log, or full log paper.

A logarithm applied to only they” variable will give a linear plot whenever the data follows a relationship of the
form:

y = b (B.14)

which is an exponential relationship. Herendx are the variable$,andm are constants to be determined (they are
analogous to the interceptand slopen), ande is a number2.71828 (the base of natural logarithms), although any
other constant (for exampl®) could also be used. To make the cupve be™” plot as a straight line, take logarithms
of both sides as follows:

logy = logb+ maxloge (B.15)

To put the equation more clearly in the form of a straight lipe=(ma + b), substitutey” = log y, andM = mloge.
Then the equation becomes:

Y = Mx +logb (B.16)

The slope of the lineM = mloge gives us the multiplier on the exponent. Similarly, the intercept onythgis
(z = O) gives the constarit [NOTE: if natural logarithms are uséd = m sincelne = 1]
When logarithms are applied to both variables, the equation of the form:

J = ba™ (B.17)

becomes a straight line. This is a “power” relationship becatiseraised to the powen. In this equatiorny andz
are the variable$,is a constant (to be determined) ands a power (positive, negative, whole or fractional).
Taking logarithms of both sides:

logy = logb + mlogx (B.18)
Substitutingl” = log y andX = log x, this becomes:

Y =logb+mX (B.19)

which is recognized as the equation of a straight line. The slope of the line gives us the exponent in the power
relationship. The intercept on the y-axis gives the constant b when its anti-logarithm is taken. [The term intercept on
full log paper is a bit of a misnomer sinag andy never equal zero. Howevef = log «: does cross zero when= 1
(becausédog1 =0).]
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B.7 Graphing Guidelines

It is important to prepare your graphs carefully. The following set of rules should help you construct graphs that are
visually appealing and will aid data analysis.

1. Ideally plot the graph before any data collection equipment is dismantled or before leaving the data collection
site. This allows gaps where data are missing to be filled, and anomalous (extreme) data points can be checked.

2. Plot the dependent variable on th@xis unless you are plotting depths or heights. For depths or heights the
convention is to always plot these on thaxis as they represent vertical data regardless of whether they are
dependent of independent variables in the relationship.

3. The graph must have a title. Put the title clearly above the graph. Make the title descriptive in order to explain
what the graph is showing.

4. The graph must have axes labelled with names and units. Draw the axes and select appropriate scales. Mark
the scales at uniform intervals. Make the graph as large as is reasonable, but be sure that the major divisions
of the graph paper have a simple relationship to the scales you have selected. Usually the axes are drawn from
the origin (O,0), but it is not necessary to do so if all the data points plot far from the origin. If the graph is to
demonstrate that y is directly proportionalipthen the origin should be included. Most graphs plot positive
values ofr andy (+x and-tvy, i.e., the first quadrant), but this is not always the case. Plan ahead!

5. Plot the points clearly. Use a pencil! Use a dot enclosed in a circle or a cross. This allows the data point to be
defined precisely. When a more than one curve is to be shown on the same graph, use different symbols for each
set of points (e.g. dots in squares, triangles, etc.).

6. For non-linear curves where you are trying to express a mathematical relationship bgamelan draw a neat
smooth freehand line through, but not necessarily connecting the data points. (NOTE THAT THIS DOES NOT
APPLY TO ALL GRAPHS - see 7). Never join these data using a ruler and the dot-to-dot method. Use a pencil
and draw lightly at first, as you may want to erase parts or sections of the curve and try again. Try to get the
data points evenly spaced about your curve, with roughly equal numbers above and below your line if the data
points do not pass through your curve.

7. For graphs where there is no mathematical expression for the relationship, such as profiles where you are trying
to follow the trend of one variable with the other, draw a neat smooth freehand line passing through each dot.
This method is appropriate as you are interested in the point by point variation. Even though the line must pass
through each point, it is a smooth curve (not drawn with a ruler).

8. For histograms, usually a bar-graph style is used. Choose simple class sizes of approximate sizg/{tange /
You may plot the raw count data, and/or the percent, on the y-axis.

B.8 Significant Figures

Every measurement is uncertain to some extent. Suppose, for example, that we wish to measure the mass of an object.
If we use a platform balance, we can determine the mass to the nédrgst

An analytical balance, on the other hand, is capable of given results correct to the 6gdrEsy. The exactness,
or precision, of the measurement depends upon the limitations of the measuring device and the skill with which it is
used.

The precision of a measurement is indicated by the number of figures used to record it. The digits in a properly
recorded measurement are significant figures. These figures include all those that are known with certainty plus one
more which is an estimate.

Suppose that a platform balance is used, and the mass of an object is determinéd.tbgoeThe chances are
slight that the actual mass of the object is exat#ly3 g, no more nor less. We are sure of the first two figures{the
and the2); we know that the mass is greater tHarg. The third figure (th&), however, is somewhat inexact. At best,
it tells us that the true mass lies closerith3 g than to eithed2.2 g or12.4 g. If, for example, the actual mass were
12.28...gor12.33...g, the value would be correctly recorded in either casiaisg to three significant figures.
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If, in our example, we add a zero to the measurement, we indicate a value containing four significantlfigives (
g) which is incorrect and misleading. This value indicates that the actual mass is bé@2®g and12.31 g. We
have, however, no idea of the magnitude of the integer of the second decimal place since we have determined the
value only to the neare8tl g. The zero does not indicate that the second decimal place is unknown or undetermined.
Rather, it should be interpreted in the same way that any other figure is (see, however, rule 1 that follows). Since the
uncertainty in the measurement lies in thehis digit should be the last significant figure reported.

The following rules can be used to determine the proper number of significant figures to be recorded for a mea-
surement.

1. Zeros used to locate the decimal point are not significant. Suppose that the distance between two points is
measured a8 cm. This measurement could also be expressed as 0.03 m since 1 cmis 0.01 m.

3cm=0.03m

Both values, however, contain ordpe significant figure. The zeros in the second value, since they merely serve
to locate the decimal point, are not significant. The precision of a measurement cannot be increased by changing
units.

Zeros that arise as a part of a measurement are significant. The nQud@E030 has four significant figures.
The zeros aftep are significant. Those preceding the numérate not significant since they have been added
only to locate the decimal point.

Occasionally, it is difficult to interpret the number of significant figures in a value that contains zeros, such as
600. Are the zeros significant, or do they merely serve to locate the decimal point? This type of problem can
be avoided by using scientific notation. The decimal point is located by the powerwhployed; the first part

of the term contains only significant figures. The vab08, therefore, can be expressed in any of the following
ways depending upon how precisely the measurement has been made.

6.00 x 10 (three significant figures)
6.0 x 102 (two significant figures)
6 x 102 (one significant figure)

2. Certain values, such as those that arise from the definition of terms, are exact. Far example, by definition, there
areexactly 1000 mlin 1 liter. The valuel000 may be considered to have an infinite number of significant figures
(zeros) following the decimal point.

3. Attimes, the answer to a calculation contains more figures than are significant. The following rules should be
used to round off such a value to the correct number of digits.

(a) If the figure following the last number to be retained is less thatl the unwanted figures are discarded
and the last number is left unchanged.

3.6247 is 3.62 to three significant figures.

(b) If the figure following the last number to be retained is greater than 5 or 5 with other digits following it,
the last figure is increased by 1 and the unwanted figures are discarded.

7.5647 is 7.565 to four significant figures
6.2501 is 6.3 to two significant figures

(c) If the figure following the last figure to be retainedsiand there are only zeros following tle the 5
is discarded and the last figure is increased lifyit is an odd number or left unchanged if it is an even
number. In a case of this type, the last figure of the rounded off value is always an even number. Zero is
considered to be an even number.

3.250 is 3.2 to two significant figures
7.635 is 7.64 to three significant figures
8.105 is 8.10 to three significant figures
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The number of significant figures in the answer to a calculation depends upon the numbers of significant
figures in the values used in the calculation. Consider the following problem. If weplftg of salt in a
container that has a massi¥.2 g, what will be the mass of the container plus salt? Simple addition gives
54.58 g. But we cannot know the mass of the two together any more precisely than we know the mass of
one alone. The result must be rounded off to the neéirégt, which givesi4.6 g.

4. The result of an addition or subtraction should be reported to the same number of decimal places as that of the
term with the least number of decimal places. The answer for the addition

161.032 + 5.6 + 32.4524 = 199.0844 (B.20)
should be reported as 199.1 since the number 5.6 has only one digit following the decimal point.

5. The answer to a multiplication or division is rounded off to the same number of significant figures as is possessed
by the least precise term used in the calculation. The result of the multiplication

152.06 x 0.24 = 36.4944 (B.21)

should be reported &%, since the least precise term in the calculatioi 22 (two significant figures).

B.9 Analysis of Measurement Error

All measurement to some extent is uncertain. This uncertainty can arise from several causes: human error in reading
the instrument, sampling error (the “population” is incorrectly sampled), and poor instrument precision, accuracy or
bias.
Measurement uncertainty is often given by-derm following the measured value. For example a measurement

of 10.1 + 0.5m means that the investigator thinks the true value lies between 9.6 and 10.6m. This could be because
the instrument used to make the measurement is only accurate to within 1.0 meters, or because several measurements
were made which had a mean of 10.1m and a standard deviation of 0.5m. When two or more measurements with error
terms are added together, it is too pessimistic to simply add the error terms as well — the errors are equally likely to
cancel each other as add to each other. Instead, the rule for the addition of error terms is to square the errors, add them
up, and take the square root of the sum. For example, if one were adding 3 lengths; A&h, 2.6+ 0.2m, and
18.2+ 1.1m, the answer would be:

10.1 4+ 2.6 + 18.2 = 30.9m =+ Error (B.22)

with an error term of

Error = v/0.52 +0.22 + 1.12 = 1.2m (B.23)

so that the answer would be reported as 30.9.2m. For subtraction, the errors are still the same — just as likely to
cancel each other out as to work in the same direction, so the total error follows the same rule as addition.

Estimating the combined error which results when measurements are multiplied or divided is similar to the addition
/ subtraction method, except fractional errors are used in the calculation. For example, suppose a drainage basin has
an area 0b.6 + 0.1 km?, and the average annual rainfall over that basiivis+ 203 mm yr—!. The annual volume
of rain falling on that basin would then be:

5.6 x 10°m? x 0.678m = 3.8 x 10°m? + error (B.24)
with an error term of:
1 203
Error (fractional) = —)2 —)2 B.25
( ) = G () (B.25)
1/0.00032 + 0.0896 = .30 (B.26)
Error (in m?) 0.3 x 3.8 x 10% = 1.1 x 10°m? (B.27)

(B.28)

so that the answer would be reported3as 4+ 1.1 x 10°m3. Estimating the combined error in equations involving
exponents is similar to multiplication and division, except that the exponentis regarded as a multiplier of the fractional
error. For more information, refer to a text such as Haynes (1982).
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B.10 Scientific Notation

Scientific notation is a convenient “shorthand” way of depicting very large or very small numbers without the use of
many zeros. The notatior’ means that the numberis multiplied by itselfn times (e.g23 = 2 x 2 x 2 = 8) where

n is called the exponent. Similarly~™ with a negative exponent, is the reciprocaldf, that isz=" = 1/z™ (e.qg.

273 =1/(2x2x 2)=1/8 = 0.125). Itis often especially convenient to express large or small numbers as powers
of 10 (i.e. 10™ or 10~™) and certain of these are given prefixes as listed below.

Standard form for scientific notation is to express numbers so that in the decimal part, there is one digit to the left
of the decimal point:

a.be x 10%

wherea, b, ¢, d are all numbers from 0-9. Scientific notation is also useful, since it can be immediately clear how
many significant figures there are in a measurement. In the above example, there would be 3 significant figures, since
3 digits are displayed. For example, the number 123 in standard scientific form woul23oe 102. If the number

123 represented a measurement, that we know accurately to 2 decimal places, then it should be written 123.00, or in
standard scientific formt.2300 x 102.

Prefix Scientific Decimal
notaton  notation

T tera- one trillion 1012 1,000, 000, 000, 000

G giga-  one billion 10° 1,000, 000, 000

M mega- one million 106 1,000, 000

k kilo- one thousand 103 1,000

h hecto- onehundred 102 100

da deka- ten 10 10

d deci-  onetenth 107t 0.1

c centi- one hundredth 10~2 0.01

m milli-  one thousandth 10—3 0.001

U micro- one millionth 1076 0.000001

n nano- one billionth ~ 10~? 0.000000001

p pico-  onetrilionth  107!2 0.000000000001

B.11 Greek Alphabet

Lower Capital Name | Lower Capital Name
case case

@ A alpha | v N nu

I6; B beta 13 = Xi

~y r gamma| o (0] omicron
0 A delta ™ I pi

€ E epsion | p P rho

¢ Z zda o % sigma
n H eta T T tau

0 S} theta v T upsilon
L I iota 1) P phi

K K kappa | x X chi

A A lambda | v psi

I M mu w Q omega
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B.12 Mathematical Signs and Symbols

equals ~ is similar to
equals approximately # does not equal
is identical to, is defined as > is greater than

BLQIAA N R

is less than > is greater than or equal to

is less than or equal to +  plus or minus (/4 = +2)

is propational to > the sum of

the average value af

B.13 Useful Constants and Formulae
Gravity g=19.82ms?2 trigonometric sinf = £
StepharBoltzmann constant o = 5.6697 x 1078 W m~2K~* functions cosf = £
rectande circumference = 2(length + width) tanf = £ = m (slope)
rectangle area = lengthx width cscl = 5 =1/sin6
circumference of a circle = 27r (r is radius) sec =~ =1/cos®
areaof a circle = 7r? cotf =% =1/tan0
areaof a sphere = 47r? Pythagorean 2 + y? = r?
volume of a sphere = %wr3 theoren
quadratic formula if ax? + bz + ¢ = 0, then
T = —b++vb2—4ac
2a
Y
A
X
' y
0
a > X
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